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Abstract 
Given a natural number n, an exact formula is derived for the minimal possible size MD(n) 
of a square grid, in which a digital convex n-gon can be inscribed. An exact construction of a 
digital convex n-gon which can be inscribed into a square grid of size MD(n) is also given. 
Keywords: Digital geometry; Digital convex polygon; Greedy lower bound 
1. Introduction 
A digital convex polygon (in short, d.c.p.) is a polygon, all the vertices of which 
are points of the integer grid and all the interior angles of which are strictly less than 
radians. The diameter of a d.c.p, is the minimal side size of the enscribed digital 
square with the sides parallel to the coordinate axes. 
The following optimization problem is solved here: Given a natural number n, 
determine a digital convex n-gon with the minimal possible diameter MD(n). 
This problem was primarily formulated in [7] (see also [6]), where an empiric 
approximation formula for MD(n) was given. An asymptotic formula for MD(n) with 
the exact leading member was derived in [2]. The problem of finding optimal 2s-gons 
was solved in [1]. A construction of almost optimal d.c. (2s + 1)-gons was given 
in [3]. 
Similarly as in [2], an effective theoretical lower bound for MD(n), called greedy 
lower bound, is established in Section 2. It turns out, as a consequence of our main 
Theorem 1 (Section 3), that this lower bound can often be reached, in slightly less 
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than 7/8 of all the possible cases, as well as that it suffices to raise this theoretical 
bound for only 1 in the remaining cases. 
2. Preliminaries 
Let ymin and Xmax respectively denote the minimal y-coordinate and the maximal 
x-coordinate of the considered .c.p.P. The SE-arc (southeast arc) of P is a sequence 
of consecutive dges (V/, V/+I ), 1~< i ~<m - 1, where /I/ denotes a vertex (xi, yi) of P; 
X1 < • • • < Xrn = Xmax; Ymin = Yl < "'" < Ym. In particular, if the polygon P has a 
lower horizontal edge (//"0, V1 ) (Vo = (xo, Yl ), Vl = (x~, Yl ), xo < xl ), then this edge 
is additionally considered to be the first edge of the SE-arc. The NE-arc, the NW-arc 
and the SW-arc of a d.c.p, are defined in an analogous way. 
Given an edge e = ((xl, Yl ), (x2, Y2)) of a d.c.p., the edge slope of e denotes the 
fraction: [x t -x2 l / l y l -  )21 if e E NE-or  SW-arc and [y l -  y2l/Ixl-x21 if e E SE-or 
NW-arc, while bd-length of the edge e (in short, bdl(e)) denotes the sum ]Xl- x2l + 
[yl - Y2I. 
DS(p,q) denotes a digital square with the property that each arc has exactly one 
edge with the edge slope q/p, where p and q are relatively prime natural numbers. 
MS(P) denotes the minimal (digital) square (with sides parallel to coordinate axes) 
in which a d.c.p. P can be inscribed. A projection of an edge of a d.c.p. P is a 
projection of that edge to a side of MS(P), which is not 'hidden' by P (thus each 
'oblique' edge of P has exactly two projections). We say that an edge of P uses the 
part of perimeter of MS(P) covered by its projection(s). 
If the corresponding arcs of some two d.c. polygons Pl and P2 have no com- 
mon edge slopes, then there exists the Minkowski sum of P1 and P2, which is a 
uniquely determined third d.c.p. P3 (for more details see, e.g., [4]). Each arc of 
P3 includes all the edges of the corresponding arcs of P1 and P2, sorted so that 
the convexity condition is preserved. The diameter of P3 is equal to the sum of 
the diameters of P1 and P2. The Minkowski difference is defined in an analogous 
way. 
A theoretical lower bound for the diameter of a d.c. n-gon can be derived from 
the minimal possible sum Minsum(n) of bd-lengths of n digital edges, which might 
be included into a d.c.p.P. We are going to make the notion of Minsum(n) more 
precise: 
Since the number of summands is fixed, the minimization requires the summands 
to be as small as possible. Such a choice of summands i  naturally performed by the 
following greedy algorithm: choose as many summands equal to 1 as possible, then 
proceed with summands equal to 2 and so on. All these summands are of the form 
(p + q), where q/p (q = 0, 1 . . . . .  p = 1,2 .... ) is an edge slope. The following two 
rules must be obeyed by the edge slopes q/p: the numbers p and q are relatively 
prime; each q/p can be used at most four times (in four arcs of P)  - -  that is, it has 
at most four associated summands (p + q) in Minsum(n). 
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A family P(t), t E N, of optimal d.c. 4s-gons was introduced in [7]. Each arc 
of the polygon P(t) contains all possible edge slopes q/p satisfying p + q<~t. The 
number of vertices and the diameter of the polygon P(t) are denoted by v(t) and d(t) 
respectively. 
Throughout the remaining part of the paper, we shall assume that the number n of 
the edges belongs to the interval [v(t - 1), v(t)) for some natural number t > 1. 
The diameter of a d.c. n-gon P cannot be smaller than one-fourth of the peri- 
meter of MS(P). On the other hand, Minsum(n) is a lower bound for this perimeter. 
Consequently, a 9reedy lower bound 9dlb(n) for the diameter of a d.c. n-gon can be 
expressed as 
7, 
3. Main result 
Theorem 1. Let the number n of edges of a dioital convex polygon belon9 to the 
interval [v(t - 1),v(t)) for some natural number t > 1. Then the minimal diameter 
MD(n) is equal to 9dlb(n) for each inteoer n>>.4, except for the followin9 cases, 
when MD(n) = 1 + 9dlb(n): 
Case 1: n is odd, where t is of the form 4k, k > O. 
Case 
Case 
Case 
Case 
Case 
2: n=v( t -1 )+2,  where t is of the form 2k, k > 1. 
3: n = v(t) - 2, where t is of the form 2k, k > 1. 
4: n=v( t -1 )+ l ,  where t is of the form 4k + 3, k > O. 
5: n = v ( t ) -  1, where t is of the form 4k+l ,  k > 0. 
6: n = 45. 
The proof of Theorem 1 consists of the following two steps: 
1. An explicit construction of a d.c. n-gon with diameter MD(n). 
2. Proof that the diameter gdlb(n) cannot be reached with the cited exceptional cases 
(Cases 1-6). 
Step 1 is simple for n = 0 (mod 4), otherwise we use the key concept of so- 
called Basic b-tuples. A set of conditions for Basic b-tuples, which enables the con- 
structions of d.c. n-gons with diameter equal to MD(n), is given by Theorem 2 of 
Section 4. 
It is shown in Section 5 that a Basic b-tuple, which satisfies the required set of 
conditions, exists for each natural number n >/3. The numbers n are partitioned w.r.t. 
type of the solution into 20 general classes, as well as 5 single classes (containing one 
number each). Seventeeen general families of Basic b-tuples, which are used within 
19 of the general classes of numbers n, will be explicitly given. 
Step 2 of the proof (non-possibility of reaching dlb(n) in the exceptional cases) is 
covered in the papers [3] (Case 1), [1] (Cases 2, 3) and [5] (Cases 4-6). 
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4. Construction 
An optimal solution for n = 0(mod 4) is to construct an optimal d.c. n-gon P as the 
Minkowski sum of n/4 DS(p, q)'s with p + q as small as possible (greedy approach). 
More precisely, P uses all v(t - 1)/4 DS(p,q)'s with l~<p + q < t 
and arbitrary (n -  v ( t -  1))/4 DS(p,q)'s with p+q =t.  Problems arise when 
n ~: 0 (mod 4). In such a case, an optimal d.c. n-gon P up to some extent also 
includes a Minkowski sum of some s DS(p,q)'s, where 4s < n. This sum will be 
called Initial polygon (denoted by I). 
The remaining b = n-4s  edges need not constitute a (closed) b-gon, therefore we use 
the notion 'b-tuple' (denoted by B) instead. Note that B can be used as a summand of 
a Minkowski sum and that MS(B) is well-defined. The edges of B should be distributed 
into the arcs in an optimal way, so that the four sums s1,$2,$3,s 4 of their projections 
onto the north, west, south and east side of MS(B) respectively are approximately equal. 
As a consequence of the greedy approach, it turns out that an advantage in I should 
be given to the edges with smaller bd-lengths. On the other hand, when choosing the 
edges for B, it is optimal to use the edges with bdl = t. Namely, each one of the edges 
in B with bdl > t would use a larger part of the perimeter of MS(P) than the minimal 
possible - -  a discrepancy with the greedy approach. Also, the existence of an edge with 
bdl < t in B would mean that at least one of the remaining three edges with the same 
edge slope is used neither in B nor in I - -  a new discrepancy with the greedy approach. 
Let k~, for i = 1,2, 3, 4, denote the length of the unused (by projections) part of the 
north, west, south and east side of MS(B) respectively: that is, 
ki = max sj - si, i : 1,2, 3,4. 
1 ~<j~<4 
If the diameter of P is equal to gdlb(n), then the above words 'approximately equal' 
correspond to the requirement that the sum of ki's is not greater than the rounding 
error (in short, RE(n)) in the expression for 9dlb(n), that is, than the difference of 
the perimeter of MS(P) and Minsum(n): 
4 rn'l - 
~ ki <~ RE(n) = 4. - n. t = perimeter of MS(P) - Minsum(n). 
i= l  
Each suitable b-tuple B uses a tolerance (used tolerance; in short, UT(B)), which 
is equal to the difference of the sum of bd-lengths of edges of P and Minsum(n). In 
terms of deviations from bdl = t, UT(B) can be expressed as 
UT(B) = y~ (bdl(e) - t) + ~ (4 - a(B, p,q)) .  (t - (p + q)), 
e E B q/p in B 
bdl(e)>t p+q<t 
where e is an edge of B, q/p is an edge slope of an edge of B, while a(B, p,q) from 
the set { 1, 2, 3} denotes the number of arcs of B, which contain an edge with the edge 
slope q/p. 
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is used only 
Condition 
Condition 
otherwise. 
Now we can describe a general construction of an optimal d.c. n-gon for 
n ~ 0 (mod 4) in a more formal way. We primarily give precise definitions of a 
Basic b-tuple and an Initial (n -  b)-gon: 
A Basic b-tuple B for construction of an optimal d.c. n-gon is a collection of b 
edges partitioned w.r.t, the arcs (repetitions of edge slopes are allowed, but not within 
an arc), which satisfies the following five conditions: 
Condition 1: Each edge slope can be used in at most three arcs of B (this condition 
for minimizing the number of edges in B). 
2: (n - b) = 0 (mod 4) (an obvious necessary condition). 
3: RE(n) < UT(B)<~RE(n) + 4 in Cases 1, 2, 3; O<~UT(B)<<,RE(n) 
Condition 4: The side length of MS(B) (= the diameter of B; in short, diam(B)) is 
the minimal possible; i.e., it is equal to [1. ~eEB bdl(e)l. 
Condition 5: The number qS(t) - y of edge slopes with bdl = t, which are not used 
in B, is not smaller than z + (n - b - v(t - 1 ))/4, where 
fx -1  in Cases5 and 6, 
z 
x otherwise, 
while x (respectively ) denotes the number of different edge slopes with bdl < t 
(bdl = t), which are used in B (each edge slope on bdl < t used in B must be 
replaced by an edge slope on t), and ~b(t) denotes the Euler function. 
An Initial (n - b)-gon I associated to a Basic b-tuple B is the Minkowski sum of 
(n -  b)/4 different 4-gons of the form DS(p,q), which satisfies: 
(a) p+q<~t+ 1 for each one of the 4-gons; 
(b) none of the edge slopes q/p is used in B; 
(c) if an edge slope q/p is used in I, then all the edge slopes ql/pt which are not 
used in B and which satisfy q~ + p~ < q + p are used in 1 (greedy choice of edge 
slopes of I). 
Remark. The form of the Basic b-tuple itself is the reason for non-reaching gdlb(n) 
in Cases 1-3 (see Condition 3). 
Non-reaching dlb(n) in Cases 5 and 6 is explained by the lack of edge slopes with 
bdl<.t (see Condition 5). Thus we use one DS(p,q) with p + q = t + 1 in these two 
cases. 
Case 4 is specific in the sense that the sum corresponding to the Initial polygon does 
not contain one of the summands DS(p,q) with p ÷ q --- t - 1. Except for this case, 
the Initial polygon always includes all the edge slopes with bdl < t, which satisfy 
the condition (b). The Basic 5-tuple of Case 4 (denoted below as B7) is used for the 
construction of an optimal d.c. (v ( t -  1)+ 1 )-gon. 
An optimal d.c. n-gon P is constructed from a Basic b-tuple B and the associated 
Initial 4s-gon I (b + 4s = n) by applying in turn the following two steps: 
1. Construction of the Minkowski sum T of B and I. 
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2. Replacement of edges of T with edge slope 0/1 (unit 'flat' edges) in the ith arc 
(i = 1,2,3,4 for NW-, SW-, SE- and NE-arc respectively) by the edges with edge 
slopes O/(ki + 1). 
Our next theorem confirms validity of the proposed construction: 
Theorem 2. The diameter of the d.c. n-yon P produced by the proposed construction 
is equal to MD(n). In other words, the construction with the given notions of Basic 
b-tuple B and Initial (n - b)-gon I yives an optimal d.c. n-yon P. 
Proof. Let Xi, i = 1,2,3,4 (Condition 3 does not allow i > 4), denote the number of 
edge slopes with bd-length equal to t -  i, which are used in B. We primarily determine 
the diameter of I and B. By Condition 5, 
diam(I) = 
=d( t -  1)+ 
By Conditions 4 and 3, 
- ( t  - 1), 
4 
-Zx i . ( t - i )+  n -b -v ( t -  1) 
4 i= 1 
+(x-  1) . t  +( t  + 1), 
4 n-b-v(t -  1) 
- Zx i  • ( t -  i) + 
4 
i=1 
"t 
• t+x "t, 
= -~ b-t + (bdl(e)- t) 
bdl(e)4t 
I •  (b.t+ Z 4.(p+q-t) q/p in B p+q<t 
~- Zq/p in B (a (B ,p ,q ) -4 ) . (p+q- t )+ eZe S (bdl(e)-t))] 
p+q < t bdl(e) > t 
= b.t  4 .y~x i . i+UT(B)  
i=1 
~-~4 [b . t -~-UT(B) ]  
= -z.. . . .xi . i+ 
i=1 
= -Zx i .  i+ 
i=, I~_~] otherwise. 
Case 4, 
Cases 5, 6, 
otherwise. 
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Now we are able to determine the diameter of P (note that b = 5 is replaced by 
n-  v ( t -  1) + 4 in Case 4): 
diam(P) = diam(1) + diam(B) 
4 1,2,3 
4 • t + , otherwise. 
I (n -v ( t -  l ) ) . t  ,+ 
I 4 7 
=d(t -1 )+ [(n v ( t - l ) )  t 1 4  
Cases 1, 2, 3, 4, 5, 6, 
otherwise. 
This completes the proof. [] 
5. Basic b-tuples 
The search for Basic b-tuples is partitioned w.r.t. (n mod 4) and (t mod 4), where t 
is determined by n. A motivation for such a partitioning is the following: optimal d.c. 
n-gons for n = 0 (mod 4) are produced without Basic b-tuples (see the beginning of 
Section 4), while the exceptional Case 1 in Theorem 1 arises for t = 0 (mod 4) (and 
n = 1 (mod 2)). 
In fact, we use 17 families of Basic b-tuples, denoted by Bj(k), 1 <~j<<, 17. Fig. 1. 
contains all of them; the parameter k is linearly related to t. 
A list of 19 situations in which the families of Basic b-tuples are used is given in 
Table 1. 
We proceed with explanations of some notions and notation used in the table. The 
family of Basic b-tuples corresponding to a situation is used for the constructions for 
n belonging to an associated set of the form {v(t - 1 ) + l, v(t - 1 ) + l + 4 . . . . .  v(t) - r}; 
this set will be, in short, denoted by +1. . .  - r (in particular, if the cardinality of the 
associated set is ~<2, then its elements will be listed without dots). 
Given a Basic b-tuple B, the used tolerance UT(B) is determined from the combina- 
tion of  bd-lengths used in B, which is represented in the form of a sum. A summand 
of the form u • w[t - i],i = 0, 1 . . . .  , means that B uses u distinct edge slopes with 
bdl = t - i, so that each one of these edge slopes is used in exactly w arcs. If either of 
the integers u and w is equal to 1, then it is omitted. A summand of the form u(t + i), 
i = 1,2 . . . . .  means that B uses u edges with bdl = t + i. 
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Fig. 1. 
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Table 1 
Basic b Combination UT RE t diam. Assoc. set rtmi n 
Bl(k).k>~l 5 
B2(k),k>~l 5 
B3(k ),k >~ l 9 
B4(k ),k >~O 5 
Bs(k ),k >~ l 9 
B6(k ),k >.O 9 
B7(k ),k ~ l 5 
Bs(k),k>~l 2 
Bs(k ),k >~ l 2 
B9(k),k>~2 6 
Bio(k).k>~2 6 
Bit(k),k>~l 3 
Bll(k),k>~l 3 
Bt2(k),k>~l 7 
Bi3(k),k>~l 11 
B14(k),k>~l 7 
Bis(k),k>>-O 3 
Bj6(k ),k >~O 3 
BiT(k).k>~l 7 
2[ t -  l ]+2[ t ]+( t+ l )  
2*2[ t ]+( t+ 1) 
3 [ t -  1] +2[ t -  1] +4.  [t] 
3[t-- 1] + [t] +( t  + 1) 
2 .3[ t ]  + [t] + 2(t + 1) 
2 .3 [ t -1 ]+3 [t] 
2 .2 I t ]  + (t + 1 
2[t] 
2[t + 1] 
3 * 2[t] 
3 * 2[t] 
3(t + I) 
3 * [t] 
3 .2 [ t l  + (t + 1) 
3 *3[t] +2( t+ 1) 
3 [ t -1 ]+3*[ t ]+( t+ l )  
[t] + 2(t + I) 
3 * [t] 
2 .2[ t ]  + 3(t + I) 
3 0 4k 5k +1 ... - 3 17 
I 3 4k + 1 5k + I +5. . .  - 3 29 
3 3 4k + I 9k + 1 +1 25 
2 2 8k + 2 10k + 2 +1 ... - 3 5 
2 2 8k+6 18k+14 +9. . . -3  241 
2 2 8k+6 18k+ 12 +1,+5 41 
I 1 4k + 3 5k + 4 +1 . . ,  - 3 49 
0 2 2k+l  k+l  +2. . , -2  10 
2 0 2k k + 1 +2, -2  6 
0 0 4k 6k +6. . ,  - 6 78 
0 0 4k+2 6k+3 +6. . . -6  118 
3 0 4k 3k + I +3 . . . -  1 19 
0 1 4k + I 3k + 1 +3. . .  - 9 27 
I 1 4k + 1 7k + 2 -5 , -1  35 
2 2 8k+2 22k+6 +11. . . -  1 123 
2 2 8k+2 14k+3 +3,+7 115 
2 2 8k+6 6k+5 +3. . . -  1 43 
0 3 4k+3 3k+2 +3. . . -9  11 
3 3 4k+3 7k+6 -5 , -1  56 
The contents of the columns of Table 1 are in order: the denotation Bj(k) of the 
Basic b-tuple, which is being used; the domain of the parameter k; the number b; the 
combination of bd-lengths; the used tolerance; the rounding error; the linear function 
expressing t in terms of the parameter k; the diameter (also expressed in terms of k); 
the associated set (of values of n); the smallest possible value (nmin) of n. 
The following Basic b-tuples are used for reaching diameter gdlb(n)+ 1 in the 
exceptional cases: (Case 1 - -  Bl(k) and Bll(k); Cases 2 and 3 - -  B8(k); Case 4 - -  
B7(k); Case 5 - -  Bl2(k); Case 6 - -  B6(k)). Except for Bl(k) and Bll(k), note that 
all of these Basic b-tuples are also used for reaching dlb(n) with some other values 
of n. For example, Bs(k) is used for reaching gdlb(n) when t is odd, as well as, 
exceptionally, for t = 2 (n = 6). 
The first values of n with MD(n) =- gdlb(n) + 1 are in order: 17, 18, 19, 21, 22, 
23, 39, 42, 45, 46, 49, 74, 86, 111, 114, 129 .... 
It turns out that the Basic b-tuples B6(0) and BI6(0)  can be used for n --- 41 and 
n --- 11 respectively, although these values of n do not belong to the general associated 
sets with B6(k) and B16(k) respectively. Namely, it happens that some different edge 
slopes, used in distinct arcs of B6(k) and Bl6(k), coincide for k = 0; this ensures that 
Condition 5 is satisfied with a larger associated set. 
It follows from the results of [1] that the optimal d.c. (v(4k)-6)-gons are constructed 
in a special manner: as Minkowski differences of P(4k) and B9(k). Such a curiosity 
is not essential; it could be eliminated by replacing B9(k) with the family of Basic 
10-tuples, with the same edge slopes and the complementary arcs. 
The small values n = 3, 7, 9, 13, 15 are the only values of n, such that n/> 3 and n ~ 0 
(mod 4), which are not covered by Table 1. It can be shown (by using five ad hoc 
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constructed Basic b-tuples) that 9dlb(n) can be reached with all of them. In particular, 
the optimal d.c. 3-gon and the optimal d.c. 9-gon arise (as exceptions) by analyzing 
the proof of non-possibility of reaching 9dlb(n) in Cases 5 and 4 respectively [5]. 
5.1. Validity of  Basic b-tuples 
We shall show that the conditions for Basic b-tuples are satisfied with all the situa- 
tions listed in Table 1. 
Condition 1 can be checked in Fig. 1. Condition 2 is checked by comparing the 
value of b with the associated set in the same row of Table 1, taking into account 
that all the numbers v(t) are divisible by 4. Condition 3 follows by comparision of the 
columns for UT(B) and RE(n). Condition 4 is checked by calculating the diameter (in 
terms of k) from the combination in the same row of Table 1. For example, 
diam(Bl4(k))= [~. (3 . ( t -1 )+3. t+( t+ l ) ) ]  
[~__2]  [56k + 12] 14k + 3. 
4 
It is sufficient o check Condition 5 for the maximal value of n in the associated 
set. For this purpose, the values of z and y can be determined from the combinations 
in Table 1. 
If this maximal value is of the form v( t ) -  r, then the checking of Condition 5 
can be reduced (since ~b(t) is equal to (v ( t ) -  v ( t -  1))/4) to checking the inequality 
z + y <~ (r + b)/4. For example, the Basic 5-tuple B I (k) (which corresponds to Case 1) 
uses z = x = 1 edge slopes with bdl < t and y = I edge slopes with bdl = t. Since 
r = 3, we have just to check that 1 + 1 ~<(3 + 5)/4. 
If the maximal value of n in the associated set is of the form v(t - 1) + l, then the 
checking of Condition 5 can be reduced to z + y<~c~(t) + (b - 1)/4. It follows from 
Table 1 (the situations with B3(k), B6(k) and B14(k)) that this inequality is equivalent, 
except for Case 6, to the requirement that ~b(t)~>4, t~>5, t ~ 6. The last inequality is 
true for t = 5 and can be shown to be satisfied with each t ~> 7. In Case 6, we have 
instead the requirement ~b(t) =- ~b(6)~>2, which is satisfied. Namely, the reduction of 
the right-hand side by 1 follows from z = x - 1, while the reduction by another 1 
follows from the fact that y = 3 with B6(k) reduces to y = 2 for k = 0 (see also the 
above discussion for n = 41). 
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